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Hamburger-type weighted shift are considered via a Hamburger moment sequence.
We discuss examples to show the various H(n) are distinct; study flatness, backward

é(vzgghotztfiséhift n-step extensions and perturbations of weighted shifts; and, given three initial
Hamburger measure weights ap, a1, a2 with ap < a2 < a;, we produce a completion: a weighted shift
Subnormality of Hamburger type but not subnormal, extending a (subnormal) completion by
Hyponormality Stampfli in the case ap < a1 < az.

Completion problem © 2015 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Let H be an infinite dimensional complex Hilbert space and let £(#) be the algebra of all bounded linear
operators on H. We denote by [A, B] := AB — BA the commutator of A and B in L(H). Let N [resp., Z4]
be the set of positive integers [resp., nonnegative integers]. We write R [resp., R, C] for the set of real [resp.
nonnegative real, complex] numbers and let R} := R, \{0}.

An operator T in L(H) is subnormal if it is (unitarily equivalent to) the restriction of a normal operator
to an invariant subspace, and hyponormal if [T*,T] > 0. It is well-known that an operator T in L(H)
is subnormal if and only if > ., ., (T*'T7h;,hj) > 0 for all hy,h; € H and n € N [4,11]. For a fixed
n € N, an operator T € L(H) is n-hyponormal if 3, i, (T*'T9h;,hj) > 0 for all h;,h; € H. Thus
T € L(H) is subnormal if and only if T is n-hyponormal for all n € N. Obviously, the implications “sub-
normal = --- = 2-hyponormal = hyponormal” hold, and it is well-known that each converse is not always
true [5,12].
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In the study of these classes, the weighted shifts W, with weight sequence a = {a;}2, in RY have
played an important role. There are several standard questions and approaches to study the structure of
weighted shifts W, such as flatness, backward extension of a weight sequence to a new one, completion of
an initial segment of weights to a weight sequence, etc. Concerning flatness, J. Stampfli [17] proved that if
W, is subnormal with a,, = ap41 (n € Z), then oy = ap = ---. His result about flatness in subnormal
weighted shifts was improved to the case of 2-hyponormality in [5]. The subnormality of a weighted shift
W, is related closely to the Stieltjes moment problem which we describe next.

Given a sequence {v,}22, C Rg_, the Stieltjes moment problem entails determining whether there exists,
and finding when it does, a positive Borel measure p on R supported on R, such that

’yn:/t"du(t), nezl;.

R

Such a sequence {v,}52 [resp., measure p] is called a Stieltjes moment sequence [resp., Stieltjes moment
measure]. Furthermore, it is well-known that {v,}>2, is a Stieltjes moment sequence if and only if the two
infinite matrices (7i4;)o<i j<oo a0d (Vitj+1)0<i j<oo are positive (cf. [16]). (We mean by this slight — and
common — abuse of language that each of the principal submatrices of (Vi+j)o<i,j<oo a0d (Vitj+1)0<i,j<oo
is non-negative.)

Given a sequence {v,}52, C R, the analogous Hamburger moment problem relaxes the requirement to a
positive Borel measure p supported merely on R such that

Tn = /tn dﬂ(t)v ne€”Ly.
R

If this is possible the sequence {v,}52, and measure u are called a Hamburger moment sequence and
a Hamburger moment measure, respectively. It follows from [16] that {v,}52, is a Hamburger moment
sequence if and only if (7;1;)o<i,j<oco IS poOsitive.

We set some notation for the standard testing ground of weighted shift operators. Let {e;}icz, be the
canonical orthonormal basis for £%(Z, ). Given a weight sequence a = {ay}32, of positive real numbers,
we define the weighted shift W,, by W,er = arers+1 and extend by linearity. (Observe that if the sequence
{ar}72, is bounded then W, is a bounded operator.) We define the moment sequence {v;}32, by

=1 v=ag-aly, ieN

Occasionally, when more than one shift is in play, we will use notation like “~,,(W,)” in the obvious sense.

We adopt, here and in what follows, the convention that we insist that the weights are non-negative (in
fact, almost always positive); note that it is shown in [15] that for any property of interest preserved by
unitary equivalence this restriction is without loss of generality. It is well-known that W, is subnormal if
and only if there is a (unique) positive Borel measure p supported on [0, ||[Wa]||%] such that

U R TONEE
R

which is as above equivalent to the positivity of the usual two infinite matrices of moments (Vi4;)o<i,j<oo
and (Vit+;+1)o<i,j<oo- (The obvious question of when such a measure exists, supported on a finite interval in
Ry, for a sequence {7y, }52, is the classical Hausdorff moment problem, with attendant Hausdorff measure,
Hausdorff sequence, and the necessary and sufficient condition just given.) The resulting measure p is called
the Berger measure (for Wy,).
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Note that the subnormality of W, is related to positivity of both of the infinite matrices (7i1;)o<i,j<oo,
(Vitj+1)0<i,j<oo, Where the positivity of the first guarantees that {v,}32 is a Hamburger moment sequence
and the additional positivity of the second matrix promotes the sequence to a Stieltjes (and in the bounded
case, Hausdorff) moment sequence (and subnormality results). In this paper, we consider what may be
obtained from merely positivity of one or the other of the matrices, or principal submatrices of bounded
size, for the standard matters of flatness, backward extensions, and completion problems for sequences and
weighted shifts. For this purpose, we define properties H(n) and H (n) and discuss some operator properties
related to them.

The organization of this paper is as follows. In Section 2, we give basic definitions, constructions, and
examples. In Section 3, we discuss relationships among subnormality, Hamburger-type property, properties
H(n) and H (n), and obtain some results distinguishing the various classes under study. In Section 4, we
consider flatness (the propagation of equal adjacent weights to some or all other weights) and in Section 5
we consider matters of backward n-step extensions and perturbations. In Section 6 we consider completion
problems (indicating, for example how to complete three initial weights and when the resulting completion
results in a shift with positive weights) and finally give a remark.

For a subset & of a Hilbert space H, we denote by V& the closed linear span of £ in H. And we let d,
denote the Dirac point mass measure at p throughout this paper. Some of the calculations in this paper
were aided by use of the software tool Mathematica (see [13]).

2. Basic constructions

Let a = {ar}72, be a sequence of positive real numbers and let W, be the associated weighted shift
with weight sequence a. For k,n € Z,, we set

Yk Ve+1 T Vk+n
Ve+1 Vie+2 o Yk+n41
Ye+n  Vek+n+1 " Vk42n

Note that the matrix is of size (n + 1) by (n 4+ 1), and is, in fact, the standard matrix considered for
n-hyponormality of weighted shifts (it is Theorem 4 of [5] that n-hyponormality of a weighted shift is
equivalent to non-negativity of M, (k) for all k € Z).

Definition 2.1. A weighted shift W, has property H(n) [resp., property H(n)] if My,(k) > 0 for all k =

0,2,4,... [resp., M, (k) >0 for all k = 1,3,5,...]. And W, has property H(co) [resp., property fI(oo)] if it

has property H(n) [resp., property H(n)] for all n € N. In particular, we say that W, is a Hamburger-type
weighted shift if W, has property H(o0).

Note that, for some n € N, W,, is n-hyponormal if and only if W,, has both properties H(n) and I;'(n)
Therefore W, is subnormal if and only if it has properties H (n) and H (n) for all n € N. Moreover, elementary
computations show that W, has property H(1) [resp., property H ()] if and only if aonq1 > gy, [resp.,
Qont2 > Qapti] for all n € Z,. Obviously, then, the properties H(n) and I;'(n) are distinct for each n
and distinct from n-hyponormality, but note that the well-known fact that W, is hyponormal (which is
1-hyponormal) if and only if its weights are weakly increasing splits neatly into two requirements related to
the properties H(1) and H (1). It turns out that, unsurprisingly, even property H(co) does not imply either
H(n) or n-hyponormality for any n (see Example 2.2).

We emphasize the fact that if W, is Hamburger-type then the sequence {v,}52, > 0 is a Hamburger
moment sequence, but under our convention of positive weights it carries the additional information that
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each 7, is positive. If W, is Hamburger-type we will sometimes call the measure associated to W, the
Hamburger measure p.
We turn to some examples showing certain classes are distinct.

2n+1+(_1)n+1 (

T (CD)7 n > 0). Observe that the measure y = 6 1+ = 52 satisfies

Example 2.2. Consider a : o, =
1 n n
vn:§(2 - t"du(t), ne€Z,.
R

% < 0, W, does not have property fi:(n) for
any n € N. So W, is not n-hyponormal for any n € N. This example shows that in general the properties
H(oo) and H(n) (and thus certainly H(oo) and subnormality) are different.

Hence W, has property H(oco). But since det(vitj41)i =0 =

In general, property H(n) does not imply property H(n + 1) for any n € N.

Example 2.3. Let o : \/x, {/ ﬁ—i’é (k > 1) and let W,, be the associated weighted shift. By the techniques in
the proof of [9, Th. 4] (and see originally [5, Prop. 7]), we obtain that W, has property H(n) if and only if
0<z< 2("(% for n € N. (In fact, in this case, property H(n) for W, is equivalent to n-hyponormality
and the sole new thing to check is that what is in play is the property H(n) portion of n-hyponormality.)

Some improved examples related to properties H(n), H(n) and n-hyponormality will be discussed in the
next section.
We pause to record an easy fact motivated by the example below of a “backward 1-step extension.”

Example 2.4. (Continued from Example 2.2.) Let

a(z) rap =z, a, =

where x is a positive real variable. Then a direct computation shows that

(i) Wa(z) has property H(1) if and only if 0 < 2 <5,

(ii) Wa(s) has property H(n) for some n > 2 [or, for all n > 1] if and only if 0 < = < 3, which is
equivalent to Wy, has property H(oco).

Recall that given a weight sequence a = {ap}72, (or weighted shift W,), and given positive
Ty Tim—1, ..., 21 we may define the backward m-step extension (@, Tm—1,...,21) by a(Tm,Tm—1,
GHT1) = Ty Tm—1,-- ., %1, 0,01, . ... (Equivalently, given the shift W,, we may define a new shift
W
but for now we note that it is easy to see (by considering the matrices) that if W,, has some property H(n),

Tmstm1,..,z1) i1 the obvious way.) We will consider such backward m-step extensions further in Section 5,
then a backward 1-step extension of W, has property H(n).

It is worthwhile to mention briefly the matter of uniqueness for the measure associated with a Hamburger
moment sequence.

Remark 2.5. In fact, it is well known that the Hamburger moment measure need not be unique (often called
“indeterminacy”). However, if {7,}52 is such that there exist C' and D such that |y,| < C - D™ - n! for all
n € Z,, the associate measure p is unique (see [14, p. 205]). (In fact, there is a yet more general sufficient
condition due to Carleman (see [2]).) Since we consider bounded shifts, we have a, < [|[W,]|? =: K, and
clearly v, < K™ for all n, and thus any solution, if it exists, is unique. It may be of interest to consider
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unbounded densely defined shifts, or some of these questions in the indeterminate case, but we do not
consider such matters here.
3. Distinctions

Recall the determinant of the Cauchy matrix with (4, j) entry lery is
iTYj

. ri — X i — Yi
[o<icj<n(T; )y —y ) (3.1)
o< j<n (@i +y;5)

We now give a proposition showing that the properties H(n), H(n) and n-hyponormality are distinct by
using the Cauchy determinant formula (3.1). Denote the determinant of a matrix M by |M].

o0

Proposition 3.1. Let a(z) : %, VT, {, / ’;—E}k be a weight sequence where x is a positive real variable
=2

and let W (5 be the associated weighted shift with weight sequence a(x). Then, forn > 2,

(i) Wa(a) has property H(n) if and only if 57(11) <z < 57(12), where 5,(11) and 57(12) are roots of ®,(x) =
Anx? + Bhx + C,, with
Api=—t(n+1)77 (10n 4+ 9n® + 4n® + n* —8) (n+3) (n — 1) n,
B, =1 (n+2)7" (12n° — 8n% — 24n + 13n* + 6n° + nS + 24) ,
Cni=—gn*(n+1)*(n+2).

(ii) Wa(a) has property H(n) if and only if 0 < x < 3(7122(1;11))(2752:;);4) = s (note that 0 < s <6 <
8 (n>2), 080 72 and 65 N\, 2).

(iii) Wea(a) s n-hyponormal [resp., subnormal] if and only if o) <z <6 [resp., x = %}

Proof. (i) To consider the properties H(n) of We(,), we study M, (0) = 32A,, (), where

2 1 1 1
3z 3z 3 n+1
1 1 1 1
3x 3 4 n+2
1 1 1 1
Ap:=A0n()=| 5 1 3 =
1 D O S
n+1 n+2 n+3 2n+1

By some elementary determinant operations, we may prove that

A= (2 1) A ro (-2 e N A ae o (L L 2‘A<4>‘
Sx n v?)x 2 n n 35[ 2 n

with
1 1 1 1 1 1
3 4 n+2 2 4 n+2
1 1 AU 1 1 1
1 4 5 n+3 2 3 5 n+3
ASZ ) = . . . . ’ A’I('L ) = . . )
1 1 1 1 1 1

n+2 n+3 7 2n+1 nt+l1 n+3 7 2n41
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1 1 1 1 1 1
2 n+1 5 6 n+3
1 1 AP 1 1 1
3 2 3 n+2 4 6 7 n+4
A% ) = . . . . ’ A%) = . . . . )
1 1 . 1 1 1 . 1
n+1 n+2 2n+1 n+3 n+4 2n+1

where Ag ), i =1, 3,4, are Cauchy matrices and Ag) is a submatrix removing the second column and last
row from a Cauchy matrix. It follows from a direct computation applying (3.1) that

n—1 3/ on+1 -1
1
A, = 122n! (Hk!) ( 11 k!) —®u(2),

k=4 k=n+3

where ®,,(x) is the quadratic polynomial as in (i). (For an example of the method to compute a determinant
for a matrix with an “omitted column,” see the computations following equation (3.4) of [1].) For z € RY.
such that ®,,(z) > 0, we can check easily that ®;(z) > 0, i.e., |[Ag(x)] >0, k =2,3,...,n—1. This allows us
to use Sylvester’s criterion (which is often called the Nested Determinant Test; for example, see [6, p. 213])
for positivity of a matrix: since the principle submatrices Ay (z) have strictly positive determinants, A,, > 0
if and only if |A,| > 0, i.e., ®,(z) > 0, which proves (i).

(ii) This case can be proved easily by following the same methods as for (i).

(iii) It follows from some direct computations that 0 < 5,(3) < 57(13) < 5%2) for n > 2. The remaining parts
are trivial. 0O

For the next proposition we will use the observation that if (Z) is the usual binomial coefficient, then it
is bounded above by n*.

Proposition 3.2. For any n € N, there exists a Hamburger-type weighted shift which is not subnormal but
has property H(n).

Proof. We will consider measures of the form

du (0 + xp0,1y(D)dt), 0<e<1, (3.2)

1+te
where in fact e will usually be close to zero.

We leave to the reader to show that if € is sufficiently small then the moments 7, are all positive, and
assume henceforth without comment that we restrict to such e. Note also that when we consider positivity
of matrices of the vy of fixed size, since each v includes the normalizing factor %ﬂ we may ignore it, and
consider instead matrices with entries 7}, := (1 + €)7yx.

Fix n a positive integer. To obtain property H (n), we must consider the positivity, for k¥ odd, of matrices

of the form

Vi Vit1 oo Vein
/ / !

Te+1 Tk+2 0 Vktntl

M;, (k) = . . .

! ! /

Ye+n  Vk4n+1 -+ Vkt2n

k%_l +e(—e)k %4_2 + €(—e)kt! e ﬁ + e(—e)rtn

I%&—Z +e(—e)*H k+r3 +e(—e)ht k+’}b+2 +e(—e)f

k+n k+n+1 k+2n

T te(=o) s te(=o) ot T (=€)
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Denote by C,,(k) the matrix resulting from the above with € set to 0; of course this is one of the Hilbert
submatrices and is known to be invertible (we will shortly give its inverse from [3]). Observe that we may
write M! (k) = C, (k) + cr, where r is the row vector r = (—1,¢,—¢2,...,e(—€)""!) and c is the column
vector whose transpose is ¢’ = (et —eF+2 . (—¢)ktnH1) Tt is then known that

det M, (k) = det Cy, (k)(1 + £(Cy () c),

which comes from Sylvester’s determinant theorem (cf. [18]).
We will first show there is €/, such that for all 0 < € < ¢/, the quantities 1 + rC,, (k) 'c are positive for
all k > 1. Citing [3], we have that the (4, j)th entry of C,,(k)~! is

(_1)i+j(k+i+j+1)<k+n+z:+1)(k—i—n—i—j—i—l)<k+z:+j)<k:+z:+j).

n—j n—1 7 J

By the remark above the term (’Hgf;H) is bounded above by (k +n + i+ 1)"~7 which is clearly in turn
bounded above by (k + 2n + 1)™. Treating the other terms similarly, we have that each entry of C,(k)~!
is bounded above by (k + 2n + 1)4"*1 and, in particular, is of order no higher than k"1 in k. It follows
from a direct computation that

IC(R) 7 < (n+ 1)(k + 20+ 1)*" L
With obvious estimates for ||r|| and ||c||, we have
rC, (k)" te| < T (n +1)2(2n 4 k + 1)+,

But it is then elementary that for e sufficiently small, we may ensure this quantity is less than 1 for all k,
and so ensure that for some €, > 0 and for all € < €, det M) (k) is strictly positive for all k = 1,2,... (and
then in particular for odd k).

Now our goal is positivity of the matrices M/, (k), and so far we have merely positivity of their deter-

minants. To use the nested determinant test, we need as well positivity of principal submatrices. However,
!
70
positivity of the M/ (k) for all k odd and all 0 < € < €, := min{e], ..., €}, which is exactly property H(n)
for suche. O

since we may perform the above analysis for each j, 1 < j < n, yielding €., we finish by noting we have

Using exact calculations with Mathematica [13] and some elementary calculus (which we do not reproduce
here), one can show that with € set to 1/2 in the above construction one obtains a Hamburger sequence of
moments which are all positive but so that property H (1) does not hold (so the shift is not hyponormal);
with € set to 1/10 the shift has property H(1) by not H(2) (so it is hyponormal but not 2-hyponormal); with
€ set to 88/1000 the shift has property H(2) by not H(3) (so it is 2-hyponormal but not 3-hyponormal).
We conjecture that similar values of € exist for this example to separate one “H(c0) + H(n)” from the next
but cannot evaluate the relevant determinants in general.

We have the result analogous to that of Proposition 3.2 with the roles of property H(n) and property

H (n) reversed.

Proposition 3.3. For any n € N, there exists a weighted shift W, which is not subnormal but has property
H (o) and property H(n).

Proof. Fix n € N and consider the shift (Hamburger-type) W, produced in the proof of Proposition 3.2 (for
that same n). Let the weight sequence of W, be a : ag, a1, . .., and form a backward 1-step extension «a(z)
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by prefixing a weight z. It is easy to see that the weighted shift W, (,) has property H(oco) and the only
matrix whose positivity is in doubt for H(n) is M, (0)(Wq(y)). Recall that in the course of the construction
of W,, we ensured strict positivity (and positive determinant) of M,,_1(1)(W,). One term in the determinant
expansion of M, (0)(We,)) by the first row is 1 - #2M,_1(1)(W,), and note that this is positive for any
x > 0 and has order 2n in x. Any other term in the determinant expansion of M, (0)(Wy(,)) by the first
row is of order 2n+2 in , and so we may make M, (0)(Wy,)) positive by taking = sufficiently small, which
completes the argument that W) has property H(n). O

4. Flatness

We now consider the flatness of weighted shifts with property H(n). As we discussed in the introduction,
if W, is subnormal (even 2-hyponormal) with a,, = ap41 (n € Z4), then oy = ag = ---. But this flatness
property need not hold in weighted shifts with property H(2) as we show next.

Example 4.1. Let a(z) be given by

2n+1 + (71)n+1

VT, \/31/17,\/31/17,\/31/17,/31/17, /65 /31, a, = 3 (<D

(n > 6).

(Recall that the tail of this sequence arises from = $6_1+ 305 as in Example 2.2 and therefore Wy |y fe,}2,
is of Hamburger-type.) One computes that det M;(0) = ~vov1(31/17 — ), det M2(0) = 0, det M1(2) = 0, and
det M3(2) = 0. Positivity of other M;(2k) and Mz (2k) is ensured because we have a Hamburger-type tail.
Observe that W, (,) has property H(2) if and only if 0 < 2 < 31/17. Thus, a weighted shift with property
H(2) may have five equal (successive) weights without being flat.

It turns out that property H(n) for any n > 3 is sufficient to guarantee flatness if the two successive
equal weights begin at an even index.

Theorem 4.2. Let W, be a weighted shift with property H(3). If as, = qony1 for some n € Z,, then
Al = (g = -,

Proof. Observe first that since the shift corresponding to the weight sequence z,1,1,... is subnormal for
any 0 <z <1, it is impossible to extend flatness to include «y.
Since M5 (2k) > 0 for all k € Z, by using the condition a3, = @s,+1, we obtain

2 2 2
I a3, Qo Oopn 41
2 2 2
det M2 (2n) = YonYont1V2nt2 | 1 Q9p41  Qop41Q9,40
2 2 2
1 ag,y0 05,4005,13

2 2 2 2
= —72n72n+172n+2042n+1(a2n+2 - a2n+1) >0,

where |- | denotes the determinant of a matrix, so obviously, ag,+1 = aapt2. Also, since M3(2k) > 0 for all
k € Z, by using the condition ag, = agp41 = aopta, we get

2 2 2 2 2 2
1 a3, QAo Oopy1 Qo Aoyt 1 Xy 42

2 2 2 2 2 2

1 ag,p1 09410540 Q5,1 105,1005,3
2 2 2 2 2 2

1 aj, 0 09 4005,43 Q%4005 1305, 1y

det M3(2n) = YanYon+172n+272n+3
2 2 2 2 2 2
1 ag,43 05,4305,04 Q2 4305,1405, 5
_ 6 2 2 3
= Y2nY2n4+172n+272n+300y 12 (O¢2n+2 - 0‘2n+3)
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Since det M2(2n) = 0, it follows from [6, Prop. 2.6] that det M3(2n) = 0. So agpi2 = Qonys, L€, ag, =
Qopt1 = Qopto = Qopis. Since Wa‘v{ei}fiﬁﬁ is a weighted shift with property H(3) such that ag,+s =
Qaon+3, Dy repeating the above method, we get ag,19 = aopy3 = qopyy for all k > 4.

On the other hand, since My(2k — 2) > 0 for all k¥ € N, by using the condition «s, = @s,4+1 in the

hypothesis, we get

2 2 2
I aj,_o 03, 005, 4

det Ma(2n — 2) = yon—2Yon—172n |1 a3,_; a3, 103,

2 2 2
I a3, Qo Oopn 41

_ 2 2 2 2
= —V2n—272n-1V2n0p (03, — @5, 1) >0,

which implies obviously that ag,—1 = ag,. If n is 1, we stop here. Suppose n > 2. Since M3(2k —4) > 0 for
all k € N\ {1}, via the condition ag,—1 = ag, = agpt1, we get

a%n—4 a%n—4a%n—3 a%n—4a%n—3a§n—2
a%nf?) a%nf?)a%an a%n73a%n72a%nfl
a%n72 a§n72a%n71 a%n72a%nfla%n
a%n—l a%n—lagn a%n—lagnagn-i-l

det M3(2n — 4) = Yapn—aY2n—372n—272n—1

—_ = = =

_ 2 4 2 2 3
= —V2n-472n-37V2n—272n 105,402y, _3(0%, 1 — a3, )",

Again using [6, Prop. 2.6] together with the fact det Ma(2n — 2) = 0, we get det M3(2n — 4) = 0, so
Qop—1 = Qgp—2 = Qo = Qian+1. Repeat this processes until we get the equality a; = -+ = ag,. O

Observe that in the work above we have actually proved along the way the following limited “propagation”
result (and compare Example 4.1).

Corollary 4.3. Let W, be a weighted shift with property H(2). If as, = qoni1 for some n € Z., then

Q2p—1 = Q2p, = Q2n41 = Q2p42.

We leave to the interested reader the formulation of the results analogous to Theorem 4.2 and Corollary 4.3
in their versions for the properties H (n). These follow easily upon noting that if W, has some property
H (n), then the restriction Wa|ye,}oo, has property H(n). Observe also that the combination of properties
H(2) and H(2) is equivalent to 2-hyponormality, and thus we may recapture the result of Curto in [5] from
the two limited left- and right-propagation results.

It is natural to ask what propagation results, if any, arise from the combination of some property H(n)
and aor_1 = agk. The next theorem shows that property H(n) does not yield (further) flatness for any n.

Theorem 4.4. Let a(z) be a weight sequence given by

k+1
() : VT, /273, \/2]3, /A]5, ap = k—iQ (k > 4)
with x a positive real variable. Suppose n > 3. Then there exist 6, € (0,2/3) with 03 > 04 > -+ such that
the weighted shift Wy () has property H(n) for any x € (0,0,] but does not have property H(n) for any
x € (6n,2/3].
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Proof. Observe that

9 9 3 1 1
16x 16 8 4 n+1
9 3 1 1 _1
16 8 4 5 n+2
3 1 1 1 1
8 4 5 6 n+3
Fn({l?) = KdetM ( ): : 1 1 . .
1 5 6
1 1 1 1
n+1 n+2 n+3 2n+1
o 9 3 1 1
3 1 . 1 16 8 4 n+1
8 4 5 nt2 9 3 1 1 1
1 1 1 1 16 8 1 5 nt+2
4 5 6 n+3 3 1 1 1 1
_ _3 1 1 . n 8 4 5 6 n+3
z 16 5 6 1 1 1 :
. . 4 5 6
n+t2 n+3 2n+1 1 1 1 1
n+1 n+2 n+3 2n+1
1
=: —ay, + b,.
X

By a direct computation with the determinant formula (3.1), we can see easily a,, > 0, indeed,

2n+1 -1
9 2
anzl—6(288+n(n+1) (n+2)? <Hk'> I(n+1)! <288 11 k') .

k=n+2

This implies that Fj,(x) > 0 on some interval (0, ;). Put
fn =sup{z € (0,2/3) : Fi,(z) = 0}, n >3.

Then set d,, = min{f; : i <n} for n > 3. If z < §,, then each F;(z) is strictly positive, and it follows easily
from the Nested Determinant Test that W, (,) has property H(n); then W, (,) has the property H(n) on
the interval (0, d,] since positivity varies continuously with z. Obviously, d3 > d4 > -, and these are the
required numbers. 0O

Remark 4.5. For our convenience, we record that
0, = sup{x € (0,2/3] : Wy () has property H(n)}, n €N,

2
3>

etc., and obtain easily the values d,, for low numbers n, for example, n = 3,4, ..., 20,

where (5 are as in the proof of Theorem 4.4. By direct computation with [13], we may check é; = 3 =
03 = 55, and 04 = 10355,
etc. The Cauchy determmant formula (3.1) provides a good information to estimate the exact values On
for n € N and the limit of the sequence {d,}22 ;. We leave their computations of values in n to interested
readers. We note also that it appears that d,, = f,, (that is, the positivity of the matrix is in fact driven by
the positivity of its determinant and not those of submatrices) but we are unable to show this in general.

5. Backward extensions and perturbations
Suppose W, is a Hamburger-type weighted shift. Let a(z) : =, ag, a1, - - be a backward 1-step extension

of the weight sequence «. It turns out as we see next that such a “backward 1-step” extension is not, perhaps,
the natural thing to study.
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Proposition 5.1. Suppose W,, is a Hamburger-type weighted shift such that for some x > 0, Wy, is a
Hamburger-type weighted shift. Then W, is subnormal. In this case, any backward 1-step extension Wy
of Wy is a Hamburger-type shift if and only if Wy () is subnormal.

Proof. Suppose that for some x > 0, W, (,) is a Hamburger-type weighted shift. It is easy to see that for
any n € Nand k € Zy, M,,(2k + 1)W,p) = x> M, (2k)(W,) and therefore will be positive since W, has
property H(n). It follows that W, has property H (c0), and since by assumption it has property H (c0),
it is subnormal. Therefore W,, is subnormal, since it is a restriction of W(;). The remaining assertion is

then obvious. 0O

Note that the proof of Proposition 5.1 shows that if W, has property H(n) (respectively, is Hamburger-
type), then any backward 1-step extension has property H(n) (respectively, has property H(oo)). The
converse is equally easy.

The same sort of approach yields the following proposition.

Proposition 5.2. Let W, be a Hamburger-type weighted shift with property I;T(n) for some n € N. Suppose
M, (1) is strictly positive. Then there exists x € RY. such that W) has property H(oo) and H(n).

Proof. It is easy to see that it is enough to ensure the positivity of M,,(0)(We(s)). Since M,,(1)(W4) is pos-
itive, so is My, _1(1)(W,), and it suffices to take 2 in R small enough as in the proof of Proposition 3.3. O

The results above impel us to study backward extensions of “even” length. Consider now a backward
extension of length two: W, with a : ap,a1,... and a(z,y) : z,y,a0, a1, ... yielding the corresponding
weighted shift Wy (,.,). The results here then work in any determinate case (for an unbounded densely
defined shift) but it may be interesting to consider extensions in the indeterminate case. The following is
completely parallel to portions of [10, Lemma 2.1], and see also [5, Prop. 8].

Theorem 5.3. Suppose W,, is a Hamburger-type weighted shift with o = {c;}52,. Let oz, y) : x,y, g, a1, -+ -
be a backward 2-step extension of o, where x,y € R(}r. Then Wy (z,y) is a Hamburger-type weighted shift if
and only if the following four conditions hold:

1 1 1 Jo 2du(t) :
—eL'n), | cdu(t) >0, y= ———, O<a< | REITT) 5.1
2 € (1) ]R/t u(t) >0, y (I 1an) < <f]R t—zdu(t)> (5.1)

where p is the Hamburger measure associated with Wy, In this case, Wy (y .y has Hamburger measure v
defined by

1 1
dv = Moo + %32 - t—2d,u, where \ =1 — z%y? / t—2du.
R

Proof. We first show that if the conditions in (5.1) hold, Wy, ) has property H(co) and v is as claimed.
Since 1z € L'(u) and 1 € L'(u) (because [, 1du = 1), it is easy to see that + € L*(y). Set

1

= o Tauo) 2

Y

=

Let x € R be such that
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O<xS<M>é.

Jr wdn(t)
Then clearly z%y? [, +du < 1. Set A =1 —z%y? [, 4 dp. Consider the measure
2,21
dv = Xy + =7y t—Qdu.

One checks easily that fR 1ldv =1, so v is a probability measure. Further, using (5.2),

1 1
/tdl/ = /t ()\50 +x2y2t—2dﬂ> = 2%y? / ;d,u =22
R R R

Also,

1
/t2du = /t2 <)\50 + x2y2t—2d,u> = 22y,
R R

Further,

1
/t"du = /t" ()\50 + x2y2t—2du>
R

R
= 222 /t"_2du
R
= x2y27n72(Wa) = 'Yn(Wa(x,y))a n > 3.

Thus v is a Hamburger measure yielding the moments of W, ), 50 Wy(4,,) has property H(oco) and has
the measure claimed (where as noted before we have uniqueness because ||[Wy (5.4 < 00).
Note in passing that from Hoélder’s inequality and since p is a probability measure,
2 2

1 1
—d —.1d
/t“ /t H

R R

1
< /?2 Sldp |- /12d,u
R

R

IN

=
=

Thus

Therefore the third condition forces < y, which we know is required for even property H(1) for the
backward extension.
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Suppose now that there exist = and y (positive) so that Wy, ) has property H(oco). Clearly

’Yk(Woz) Lt y2 = 7k+2(Wa(w,y))v k> 2.

Also, there exists a Hamburger measure  so that

’Yk+2(Wa(w’y)) = /tk+2dl7(t).
R

Then
1

2212
R

t"2dp(t) = /tkdu(t), k>0. (5.3)
R

By uniqueness of solutions in our (bounded) setting thus implies
do =dp + 22—1d/L 5.4
1 5+ x%y 12 s (5.4)

where /3’ is some atomic measure with all moments zero except possibly the zeroth and first. Observe also
that necessarily 7z € L'(u) and p({0}) = 0, which is the first condition. Note that if supp 3 ¢ {0}, then
Jz t2dj3 # 0, which contradicts (5.3) and (5.4) taken together. Then # has the form

1
dv = A\p + x2y2t—2du, (5.5)

where A > 0 is such that P is a probability measure. Using that © captures the moments of a(z,y) and
computing with (5.5),

1 1
x? = /td;? = /t(/\50 +x2y2t—2du) = x2y2/gdu.
R R R

Note that since 7z € L*(p), and 1 € L'(p), one has |1| € L'(u) and so 7 € L*(p). Thus using = # 0,

1=y?- [; +du, and we must have

1 1
Cdp>0 andy= —— . (5.6)
R/t (Jp )2

Finally, from A > 0 we have

1
3721/2 t_QdM < 17
R

which given (5.6) yields the last condition and we are done. O
The following remark can be obtained from the proof of Theorem 5.3.

Remark 5.4. The weight y in Theorem 5.3 is completely and uniquely determined by « (or equivalently p).
Further, if A = 0 (equivalently, #({0}) = 0) z is also uniquely determined at its maximum possible value.

We may generalize to longer backward extensions in a familiar way (cf., for example, Theorem 3.5 of [10]).
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Theorem 5.5. Let W, be a Hamburger-type weighted shift with weight sequence oo = {c;}52, and let p1 be the
associated Hamburger measure. Suppose x1,%2,...,Tan—1, and Tay, are positive. Then Wy vy, 2o 1, z0,01)
is a Hamburger-type weighted shift if and only if the following conditions hold

(i) 7= € L' (1), [y irdn>0,1<j <n,

1 3
(il) z; = (”41’1“&)2 for1<j<2n—1, and

HﬁHLl(H)
ozt 2100 2
(iii) 0 < @a, < (M) .

”Tz?”Ll(u)

Further, in this case the Hamburger measure v_on for Woz,, won 1 o z0,21) 18

1 1
dv_on = A_on0g + 23 --- 23, - tQ—ndu, where A\_op =1 — % 23 / tQ—nd,u.
R

Proof. (Sketch) We invoke Theorem 5.3 repeatedly. If the proposed extension exists and is Hamburger-type,
view it as acting on a space with basis

€-2n,€-2n41,--.,€6-2,6-1,€0,€1, ...
in the obvious way. Since the extension is Hamburger-type, so is its restriction
(-2) ._
w T Wa(iczn,7$2n717"',:c2,x1)|V{ei}{'§72' (5.7)

It is clearly a backward 2-step extension of W, and therefore we must have the conclusions of Theorem 5.3,
including

1
(f ()

1 =

Also, we know the measure associated with W (=2 is of the form
dv_g = \_30 2,2 1
V_o = A_200 + X723 t_2 .

But since W= (defined naturally as in (5.7)) is a backward 2-step extension of W(=2), we must have
t% S Ll(y_z), and so necessarily A_o = 0 and also x5 is set at its maximum value

- (2 pdp) \*
fR tizd/i(t)
Since 5 € L'(v_3) and A_y = 0 we get easily ;x € L'(u), and other conclusions are equally simple.

Repeating the process, we achieve the conclusion. O

We next give an example of a Hamburger-type weighted shift which is not Hausdorff-type but which
allows Hamburger-type backward extensions.

Example 5.6. Let us consider a measure of the form

dpte = €d_c + x[e,)(t)dt, 0<e<1,
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which is modified from (3.2). Since

1

—n—l—l(lie

N = /t” dp = (=1)"e" ! 4 ), n €Ly, (5.8)
R

2k+2 \ 2k+3
0 <e< el Let lte be a moment measure with 0 < € < e~ ! and let W, be the associated weighted

it is obvious that yo, > 0 for all k € Z,. By (5.8), yopy1 = 243 ( L 62k+2> > 0 for any € such that

shift. Then W, satisfies the four conditions of (5.1) in Theorem 5.3. But it does not satisfy Theorem 5.5(i);
indeed, [t73 du. = —% (6_2 + 1) < 0. Hence W, is Hamburger-type backward 2-step extendable but not a
Hamburger-type backward 4-step extendable weighted shift.

We may now turn to perturbations. Theorem 5.3 shows that a non-zero perturbation in the weights ag
and oy which yields a shift with property H(co) must be, in fact, one fixing «;, and decreasing o (view
W/ as a backward 2-step extension of Wa|v{ei};’§2)- What follows is the analogue of the rest of Theorem 2.1
of [8], and with a similar proof.

Theorem 5.7. No finite perturbation of the weights of some Hamburger-type weighted shift W, that actually
changes some o, j > 1, can yield a Hamburger-type weighted shift Wq.

Proof. The observation before this theorem shows that no perturbation limited to {ag, a1} can do other
than as claimed. Consider then some perturbation actually changing some o; with j > 2 and call the
resulting weight sequence o/ and the resulting shift W, supposing the latter to have property H (o).
Choose k such that all weights asop, aok41,. .. are left unchanged but one or both of agi_1 and ag,_o is
changed (note k > 2). For any shift W3 we denote by W[[g:] the restriction of Wy to Ve . e....,..}, and
note that it has weights B, Bm+1,. ... If Ws is Hamburger-type, and if m is even, let pl™ be the asso-
ciated Hamburger measure (which exists since W/g:f] is Hamburger-type as a restriction). Since W, has

property H(oo), so does each Wo[zp I, Clearly Wy, 2[%_2] is a backward 2-step extension of WE,]Z] with
p - 2

weights g, o, 5,1, ..., but by the choice of k we have af, = aox, b, | = @2kt1,- ... Then Waék72[2k_2]

[Qk], and so its first weight is specified completely

[2k—4]

is a Hamburger-type backward 2-step extension of W,
and must be ag,_1. Further, since yet another backward extension W, | is possible, citing Theo-
rem 5.5 we must have pl2#=2/({0}) = 0. But then o}, , is completely determined by {aaog, g1, --} at
its maximum value and using the last condition [with equality] one easily shows a5, , = aor_2. But this
contradicts the assumption that one of aigg_o or asr_1 was actually changed, and thus no such perturbation

is possible. O
6. A three weights completion problem

Let g, a1, as be positive real numbers with ay < «;. In this section we discuss a Hamburger completion
problem with three weights «ag, aq, as as the initial data: the goal is to find a weight sequence @ extending
ag, a1, az such that the associated weighted shift W5 is Hamburger-type. (Note that the restriction ag <
is harmless, as ag < ay is forced by property H(1), and if g = cv; then the flatness result in Theorem 4.2
forces all weights equal.) For this purpose, we consider two possibilities:

1° the initial data give rise to a completion moment sequence which is Hamburger,
2° the initial data give rise to a completion moment sequence which is Hamburger with all positive moments.
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In the presence of 2° we may define a Hamburger-type weighted shift in the usual way (abiding by our
assumption that weights are positive), but 1° is not enough for this. There are two approaches to trying to
find some completion at least satisfying 1°, and we turn to the first, leaving the second for remarks at the
end of the section.

We may imitate the Curto—Fialkow construction (see [6, p. 231]). This is most easily described in terms of
weights, so assume ag < a as above. (Note also ag > «7 is the Stampfli case where a subnormal completion
is possible.) Set

Y1 — VT + 4o 5171#14- ¥i + 4dihg and s1—ad 6.1)
bl - 2 Y - Y M

S =
0 2 P S1 — So
where
2 2/ 2 2 20,2 2
_ agai(as —af) _ ai(a; — ag) 6.2
Yo=——75"—5"", P=——5—5", (6.2)
ay — Qg ar — gy

and define p = pds, + (1 — p)ds,. We will claim that p yields the correct moments (hence at least initial
weights) to match the initial data, and so it induces a Hamburger completion at least in the sense of 1°.

There are things to check (since we don’t assume a3 < az). First, sp,s1 € R, because the expression
inside the defining square root is a quadratic in a3 which, after the substitution oy = ag + € with € > 0, has
no real zeros. Since we know s is real, and hence this quantity is positive for ay large enough (the Stampfli
case), it must always be positive. So sg,s1 € R. (Note that we expect that for the Hamburger-type case sg
may be negative, but this is in fact for us the case of interest.)

We also need p (real and) satisfying 0 < p < 1. That p is real is easy.

For p > 0, one checks easily that p(kag, kay, kas) = kp(ap, a1, as), where p := p(ag, a1, as) is asin (6.1).
So it suffices to consider the case in which ag = 1. Then after substituting a? = 1 + € (with € > 0) we must
check

“1403(1+6) = 3e +1/(1+ )1+ 5e + e + ad(1+ ) — 203(1 + 36)) > 0,

and via the usual technique of moving —1 + a3(1 + €) — 3¢ to the other side, squaring both sides, and

2
517040
S1—S80

sp > 0 we are in the Stampfli subnormal case and know p < 1; if so < 0, obviously a2 > so. Therefore we

simplifying, this turns out to be correct. For p < 1, we have p = and we obviously need a2 > sg. If
may define the measure u = pds, + (1 — p)ds, .

By a direct computation, we see easily that the pair of conditions p < ¢ and a < ﬁ in Lemma 6.3 below
is equivalent to ap < as < 7. According to Lemma 6.3, if as < ag < a1, then 7, can be negative for some
n € N, which proves the “Moreover” part of Proposition 6.1.

Finally we arrive at the following.

Proposition 6.1. Let o : g, a1, o be positive real numbers with ag < «1. Then there exists a (2 atomic)
measure g = pds, + (1 — p)ds, with 0 < p < 1, where p, s, s1 are as in (6.1) and (6.2), and a sequence
{n}lg CR with7; =~; (j =0,1,2) such that

ﬁn:/t”d,u, ne”Z;.
R

Moreover, if ag < ag < a1, we can take a sequence & = {an}o>y C R with @; = a; (j = 0,1,2) such that
A =Q%---a2_, forn € Zy (cf. (6.3) below).
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We remark that, in the case of “Moreover” part of Proposition 6.1, it is easy to verify that the weights
satisfy the recursion

az =1+ afo n>1. (6.3)

n—1

(One approach is to define g,(t) = t? — ¥1t — 1)y, compute that its roots are so and s1, deduce from this
that [p ga(t) du(t) = 0, and compute.)

Definition 6.2. Given initial positive weights a : oy < as < a1, we will denote the Hamburger completion
sequence of weights arising via the construction captured in Proposition 6.1 by (g, oy, ag)?

Note that in this case we do not allow oy < a3 < g for which there is a (Hausdorff) Stampfli completion,
nor do we allow ag < a3 = ag for which there is a (flat) Hausdorff completion, and recall that ag < ag is
required by property H(1).

The following computational lemma will give us what we need to determine when the moments resulting
are positive.

Lemma 6.3. Suppose p,q > 0 and 0 < a < 1, and consider the measure p := ad_, + (1 — a)dq. Then the
moments 7y, are all positive if and only if p < q and a < p;L],

Proof. It is easy to check that the problem “scales” in the sense that if ¢ > 0, the moments arising from
ad_cp + (1 — a)dq are positive exactly when those of p are. Thus scaling by % we may reduce to the case
p = 1. But then the moments are

o =a(=1)"+ (1 —a)g"

so the second of the desired inequalities follows from considering n = 1 while the first comes from considering
n large. O

We may then obtain the following; with a slight abuse of previous language, we will say that a moment
sequence has some property H(n) with the obvious meaning.

Theorem 6.4. Let ag, oy, s be positive real numbers. Then the condition ag < as < ay s equivalent to
the assertion that the real numbers ag, a1, s produce a Hamburger completion (ao,al,ag)H with strictly
positive weights but whose associated weighted shift Wa, o, o, @8 not subnormal.

Proof. Suppose that ay < as < a7. Then extension to a weight sequence with a Hausdorff moment sequence
is impossible (it is well known that such a moment sequence requires weakly increasing weights). Then using
Proposition 6.1 we may produce the completion (ag, a1, as) whose moment sequence is Hamburger. To
show that such a moment sequence is all positive, we use Lemma 6.3, the definitions in (6.1) and (6.2), and
some easy computations. Thus we can produce positive weights for (g, a1, ag)f

Conversely, suppose that three initial weights ag, a1, s produce a Hamburger completion (ag, oy, ag)
satisfying the given conditions. By Lemma 6.3, we have ag < as. The inequality as < a7 follows from the
discussion in Definition 6.2. O

Corollary 6.5. Suppose 1 <y < x. Then (1,+/z, \/g)H has a backward 2-step Hamburger-type extension if

and only if y < %=1,

x
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Proof. The measure associated with (1,/z, /7)™ is p = pds, + (1 — p)ds, as in Proposition 6.1, and in
meeting the requirements of Theorem 5.3 the sole concern is to check

/ %du(t) > 0.

But direct computations (aided by so+s1 = 91 and sp$1 = —1)g) show that this latter condition is equivalent
toy < 221 g

x

Before closing this paper, we discuss briefly the other approach to completing the initial data aq, a1, g
(with ap < a1) to yield a Hamburger sequence of moments.

Remark 6.6. Let ag, a1, s (with ap < aq) be given as three initial weights. The following approach is to

Cy = (70 71)
Y172

in the sense of [7]. Under our assumptions Cj is invertible, and define

build “flat extensions” of

Y3 — 2717273 + 73

Y4 =
77—
Y2 3 Y2 8 6 ¥
B = = and W:=Cy'Bi=[7"9 "9|.
Y3z Y3 V4 1 ¥1
Define B; := C;_1W and C}; := B;W recursively for j € N. Obviously, each B; and C; is symmetric. It

turns out that with some computations we may produce successively larger flat extensions

Co B O,
B, c, . Bun Yo Van+1
A2n = . . . = R , ne NO»
Co Buer - Ca anbt e
and
Co By -+ By " "
(0} ctt Yan+3
By i - Chpa . Y.L+
A2n+1 = . . . . = : : ’ TLGNO,
. . Yan+3 Y8n+6
BnJrl C'n+1 tee C2n+1 nr nr

of Cy. Since rank Ay; = rank Agj 1 = rank Cy for all j, the extensions A,, of Cj are strictly positive. (The
values 7, are defined along the way in the process.) The resulting sequence {, }52, is a Hamburger sequence
since each A,, is positive. The relationship between the approaches is that as part of the construction just
mentioned we generate a recursion in the moments involving ¢} and ¢, and it is easy to compute both that
08 = 1o and 1 = 1; and to show the resulting recursion is the same as in (6.3). Thus the two extensions
coincide, and we followed the first approach since it yields the relevant Hamburger measure directly.
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